This article analyses the dynamics of a resonantly excited single-degree-of-freedom linear system coupled to an array of nonlinear autoparametric vibration absorbers (pendulums). Each pendulum is also coupled to the neighbouring pendulums by linear elastic springs. The case of a 1:1: · · · :2 internal resonance between pendulums and the primary oscillator is studied for stationary (harmonic) and non-stationary (slow frequency sweep) excitations. The method of averaging is used to obtain amplitude equations that determine the first-order approximation to the nonlinear response of the system. The amplitude equations are analysed for their equilibrium as well as nonstationary solutions as a function of the parameters associated with the absorber pendulums. For stationary excitation, most steady-state solutions correspond to modes in which only one pendulum and the primary system execute coupled motions. Conditions for the existence of manifolds of equilibria are revealed when the averaged equations are expressed in modal coordinates. In the non-stationary case with linear frequency sweep through the primary resonance region, delays through pitchforks, smooth but rapid transitions through jumps, and transitions from one stable coupledmode branch to another are studied using numerical simulations of the amplitude equations. The array of autoparametric pendulums is shown to effectively attenuate the large-amplitude resonant response of structures over a wide band of excitation frequencies.
Introduction
The autoparametric vibration absorber with quadratic coupling between a primary structure and the absorber element has been studied extensively in the literature. This class of vibration absorbers exploits the transfer of energy between modes and the associated saturation phenomenon that occurs in quadratically coupled multidegree-of-freedom systems with 1:2 internal resonance (Nayfeh & Mook 1979) . The term 'autoparametric vibration absorber' was introduced by Haxton & Barr (1972) , who used the well-known saturation phenomenon in quadratically coupled systems to effectively reduce the response amplitude of a system undergoing large resonant vibrations. They performed experiments by attaching a cantilever beam with a tip mass to the primary system. The autoparametric vibration absorber was successful in suppressing the vibrations of the primary system; however, they reported that the absorber has a narrow bandwidth of absorption compared with conventional linear tuned and damped absorber (Den Hartog 1956) . Hatwal et al . (1982 Hatwal et al . ( , 1983a physically realized the autoparametric system by attaching a pendulum, with and without an additional linear torsional spring, to the externally excited spring-mass system. They predicted periodic and chaotic motions for the system under harmonic excitation, and compared simulation results with those from experiments. Cuvalci & Ertas (1996) as well as Cuvalci (2000) also used a pendulum as a vibration absorber to reduce the response of a flexible cantilever beam. Cartmell & Lawson (1994) implemented a computer-controlled sliding mass to improve the performance of the pendulum vibration absorber. Bajaj et al . (1994) studied the response of the two-degrees-of-freedom autoparametric system introduced by Hatwal et al . (1982 Hatwal et al . ( , 1983a using first-order averaging. They computed the stability and bifurcations of equilibrium solutions and identified two kinds of motions: single-mode motions wherein only the directly excited primary system oscillates; and coupled-mode motions in which both the primary block and the pendulum, or the absorber element, oscillate simultaneously. The coupledmode responses were shown to arise as a result of instability of the single-mode response. The coupled-mode equilibrium responses for the amplitude equations were also shown, for some combination of parameters, to undergo a Hopf bifurcation to limit cycle oscillations. Eventually, the limit cycles can lead to chaos through perioddoubling bifurcations. Banerjee et al . (1996) performed a second-order averaging analysis of the system and showed that the saturation phenomenon predicted by the first-order approximation is destroyed in the presence of higher-order terms. Khajepour & Golnaraghi (1997) introduced an active nonlinear control strategy based on the autoparametric vibration absorber. The quadratic coupling between the structure and the virtual second-order controller was achieved through a computer with digital signal processing hardware. The control strategy was used to suppress free and resonantly excited vibrations of a cantilever beam. Piezoelectric patches were attached to the beam for sensing as well as actuation. A recent review of these developments along with detailed analytical and experimental investigations for such an active controller can be found in Oueini et al . (1999) . While Oueini et al . attenuated the vibrations by using lead zirconate titanate (PZT) patches as well as a magnetostrictive actuator material, Terfenol-D, proposed a modified strategy by adding a negative velocity feedback to the system. also investigated autoparametric vibration absorbers based on higher-order (1:3 and 1:4) internal resonances. Yabuno et al . (1999) used a damped pendulum system in 1:2 internal resonance with the primary system to stabilize subharmonic resonance of order resonance in the beam modes. The effects of frequency sweep rate and initial conditions were investigated. Bajaj et al . (1999) studied some aspects of non-stationary response of the externally excited autoparametric vibration absorber system for a slow frequency sweep of the excitation frequency. The numerical simulation results, obtained by integrating the first-order averaged equations with slowly varying excitation frequency, were explained analytically on the basis of a dynamic bifurcation theory approach presented in Haberman (1979) and Raman et al . (1996) . Vyas & Bajaj (2001) introduced the concept and working principle of a wideband autoparametric vibration absorber. This absorber used an array of n slightly mistuned uncoupled pendulums that were attached to the primary system. It was shown that the effective bandwidth of absorber action can be substantially increased by using pendulums with non-uniformly distributed mistunings as compared with a single pendulum absorber. The pendulums with extremum mistunings determine the bandwidth, while the pendulums with intermediate mistunings help maintain nearly constant the primary system response in the effective bandwidth of performance. The complete system with (n + 1) degrees of freedom was shown to exhibit n doublemode responses. In these double-mode responses, the stable behaviour switches from one pendulum to the other at degenerate bifurcation points.
In this article, the wideband autoparametric absorber is generalized to include weak linear elastic springs that couple nearest neighbour pendulums. The resulting averaged equations for the system in physical coordinates are difficult to solve for exact steady-state constant solutions. For the case of two coupled pendulums it is shown that there exist conditions on absorber (pendulums) parameters for which the averaged equations for a system transformed in linear undamped modal coordinates can be uncoupled. It is further shown that the degenerate bifurcations in equilibrium solutions can be removed if the averaged equations for pendulum motions remain coupled in modal coordinates. Finally, the non-stationary response of the system, when subjected to non-stationary excitation with slowly varying excitation frequency, is studied. An active control strategy based on the wideband autoparametric absorber is the subject of the accompanying study.
The work is organized as follows. Section 2 presents the underlying assumptions and the governing equations of motion for the system. Section 3 describes the averaging process and the final amplitude equations. Section 4 analyses the steady-state solutions and their stability for the case of uncoupled pendulums. Section 5 is devoted to the analysis of steady-state solutions for the system with coupled pendulums, with special attention to the system with two pendulums. The derived conditions on parameters are used to interpret numerical results obtained using the bifurcation analysis package Auto (Doedel 1986) . Section 6 presents results of numerical studies for non-stationary responses and the work ends in § 7 with a summary and some conclusions.
System description and equations of motion
The (n + 1)-degree-of-freedom autoparametric system is shown in figure 1 . The primary system, whose vibration is to be attenuated, consists of a linear spring-massdamper system constrained to translate along the x-axis. The block in the primary system has mass M , the linear spring has stiffness k b , and the damper has damping coefficient c b . The block is excited by a harmonic external force P 0 cos(ωt). The . . . . . Figure 1 . The autoparametric vibratory system depicting the primary mass whose vibration is to be attenuated, along with the n attached weakly coupled pendulums.
secondary system or the vibration absorber, consisting of an array of n weakly coupled ideal pendulums with point masses, is attached to the block. Each pendulum is pinned separately to the primary system, with suspension points at the same horizontal level. The equations of motion for the system, assuming only linear coupling stiffness between the pendulums, are (Vyas & Bajaj 2001) 
Here m i denotes the mass of the ith pendulum, θ i denotes its angular displacement, l i is its length, k i is the stiffness of the torsional spring associated with the ith pendulum and c i is the damping coefficient of the corresponding linear velocity proportional torsional damper. Also, m is the total mass of the pendulums array and r j denotes the 'mass fraction' of the jth pendulum. The parameter l can be identified as the 'root mean square' (RMS) length of the pendulum system. Then ν j represents a 'length fraction' associated with the jth pendulum. Further note that
The coupling stiffness between the ith and the (i + 1)th pendulum is denoted by k i(i+1) . Equation (2.3) defines a new variablek i(i+1) for brevity of expressions. Also, it can be noted that the linear approximation to the coupling stiffness term,k i(i+1) , depends on the distance between the suspension points for the two pendulums, L i(i+1) , and the individual length of each pendulum.
Non-dimensionalization of the equations of motion (2.1) and (2.2), following Bajaj et al . (1994) and Vyas & Bajaj (2001) , leads to
and where a prime denotes derivative with respect to the non-dimensional time τ . In these equations, Ω 1 is the natural frequency of the primary mass system without the absorber, ω 1 is the natural frequency of the locked-pendulum (all pendulums at rest) system, α is the ratio of the locked-pendulum frequency to the excitation frequency andβ i denotes the ratio of the linear natural frequency of the ith uncoupled pendulum to the frequency of the locked-pendulum system. R is the ratio of the total mass of the pendulums to that of the primary system, also known as the 'mass ratio' for the array. Also, note that an uncoupled pendulum's natural frequency is controlled both by its length and by the torsional spring associated with it. K j(j+1) represents the non-dimensional coupling stiffness between the jth and the (j + 1)th pendulums.
Formulation and the averaged equations
The dynamics of the system under investigation is controlled by equations (2.4) and (2.5). In order to better understand the system dynamics, one can study the averaged equations of this system, first defining the following scale changes:
where is some arbitrary scaling parameter such that 0 < 1. This scaling restricts the system to small motions (thus the trigonometric functions are replaced by their Taylor series expansions), small damping and small forcing when it is resonantly excited with α near unity. The scaling of non-dimensional coupling stiffness, K j(j+1) , implies weak coupling between the pendulums. A new variableκ j(j+1) is introduced to keep the expressions concise:
Using equation (3.2) and the scalings defined in equations (3.1) we get
Substituting the scalings defined in equations (3.1) and (3.3) into equations (2.4) and (2.5), and using Taylor series expansion up to O( 2 ), yieldŝ
where
5) and
In equations (3.4), α and p i , i = 1, . . . , n, are the (n + 1) non-dimensional linear natural frequencies, while the excitation frequency is unity. The rescaled angular variablesθ i , coupling stiffness terms, S i , and the dampings ξ andξ i , i = 1, . . . , n, are introduced for compact notation (Bajaj et al . 1994) . These (n + 1) equations can be now written in first-order vector form as
and
Now, using the transformation z = Φu, (3.9)
Equations (3.6) are transformed into the 'standard form' u = g 1 (u, τ, ) for firstorder averaging (Murdock 1991; Nayfeh & Mook 1979) . The vector field in standard form is time-periodic and, to leading order, its timeaveraged form is given by (Bajaj et al . 1994) u = g 10 (u), (3.11) where g 10 (u) is the mean value of the function g 1 (u, τ) = Φ −1 (τ )h 1 (Φu, τ), and it is defined as
(3.12)
As already noted, the autoparametric vibration absorber system is studied for the case when both internal and external resonances exist. Thus, we introduce external mistunings . . . , n, (3.13) where σ b is the detuning between the excitation frequency and the locked-pendulum natural frequency, and σ i , i = 1, 2, . . . , n, are the mistunings from perfect 1:2 resonance between the linear natural frequencies of the uncoupled pendulums and the frequency of excitation. The function g 10 (u) for the (n + 1)-degree-of-freedom system, under simultaneous occurrence of both the external resonance conditions, is given by
Transformation of the averaged equations (equation (3.11)) via the change of vari-
leads to the averaged equations in polar form:
. . .
For later use, we also define the 'internal mistunings' d i from exact internal resonance between the linear natural frequency of the locked-pendulum motion, α, and the natural frequency of the ith uncoupled pendulum, p i , as
(3.18)
Equations (3.16) are the polar form of the averaged equations for the (n + 1)-degree-of-freedom autoparametric system. The variables a b and a 1 , a 2 , . . . , a n are, respectively, the amplitudes of the block motion with locked-pendulums and the pendulum motions. Note the coupling springs terms that are explicitly present in the averaged equations, equations (3.14) or (3.16), through the constants C ij and C pij , respectively. Also, in each of the averaged equations, the coupling terms lead to a direct interaction between the motions of the individual pendulums. It will be seen that in the absence of these terms one can obtain exact equilibrium solutions for the averaged system. Furthermore, this also leads to surprising degenerate system dynamics.
Dynamics of the system with uncoupled pendulums
The system with uncoupled pendulums has been studied in detail by Vyas & Bajaj (2001) , and some basic results are summarized here for completeness of discussion. The simplest steady-state constant solution corresponds to the locked-pendulum motion, i.e. a b = 0 and a 1 = a 2 = · · · = a n = 0, and is given bȳ
Here, the barred quantities correspond to single-mode solutions. Note that this solution remains unchanged irrespective of the pendulum coupling. The steady-state constant solutions with only one pendulum and the primary mass undergoing non-zero response, i.e. a b = 0, a j = 0, a i = 0, i = 1, 2, . . . , n, i = j, are given byā
andā j = 0. The amplitude of the oscillating pendulum in this motion satisfies the following quadratic equation inā
These solutions, termed 'double-mode' solutions, are identical to the solutions for the system with a single pendulum that were presented in Bajaj et al . (1994) . They are denoted by double-overbarred quantities. Clearly, real solutions for the quadratic equation (4.3) exist only ifF
Now consider the steady-state constant solutions with two uncoupled pendulums and the primary mass undergoing non-zero response, i.e. a b = 0, a 1 = 0, a 2 = 0 and a 3 = a 4 = · · · = a n = 0. The equations for a 1 and β 1 , and a 2 and β 2 , in equations (3.16) with no coupling terms imply that
yielding the conditions on parameters that must be satisfied for non-zero response of two pendulums. Conditions for the case of any m-pendulum subarray to have non-zero motion (m < n) can be obtained in a similar fashion and are given by
It can be observed that the conditions in equations (4.6) for the existence of solutions with more than two pendulums in motion are very stringent. These conditions are clearly satisfied if all the pendulums are identical. It can be easily shown that in such a case the individual pendulum amplitudes (a j values) are not determined uniquely and the locus of steady-state solutions for the amplitudes of m pendulums in motion can be obtained (Vyas & Bajaj 2001) . When the parameters associated with pendulums, ν j , r j ,ξ j , d j , j = 1, 2, . . . , m, are not identical, the conditions in equations (4.6) are no longer satisfied for all values of the external frequency mistuning σ b . This suggests that if the external mistuning σ b is varied while keeping the other parameters constant, two given pendulums can be in motion for at most two values of σ b . The double-mode motions therefore are the most likely responses for the (n + 1)-degree-of-freedom system. The stability conditions derived in Vyas & Bajaj (2001) determine which one of the n pendulums will perform the nontrivial motion. It is further shown in Vyas & Bajaj (2001) that the double-mode response switches via a degenerate bifurcation from one pendulum to the other with changing external excitation frequency. There is a parameter value at which the primary system has the same amplitude in the two different double-mode motions. The individual amplitudes of the two pendulums are defined to lie on a manifold which only exists at this specific parameter value. The manifold of solutions is stable though the individual double-mode solutions undergo a change in stability (have a zero eigenvalue). A representative set of steady-state constant solutions for the case of a system with two pendulums is shown in figure 2. The parameters for this system are mass fractions r 1 = r 2 = 0.5, length fractions ν 1 = ν 2 = 1/ √ 2, damping constants ξ =ξ 1 =ξ 2 = 0.25 and the internal mistunings d 1 = 1.0 and d 2 = −1.0. The forcing amplitudeF is set equal to 2.0 for all the results presented in this study. Note that for pendulums with identical lengths, different frequency mistunings can be achieved by using unequal torsional springs. Stable solutions are shown by solid lines and the unstable solutions are shown by dotted lines. The pitchfork bifurcation points are shown by a square symbol and turning points are indicated by a '+' symbol. These plots in figure 2 illustrate the switching of steady-state non-zero motion from one pendulum to the other as the frequency of excitation is varied quasi-statically. Figure 2d also shows a manifold of equilibria for a 1 and a 2 which exists at σ b = 0, where the condition for the motion of more than one pendulum given by equation (4.6) is satisfied. The results obtained by using the averaged equations are now compared with the results obtained by direct numerical integration of the original equations of motion (equations (2.4) and (2.5)). The numerical integrations are performed for a system having two uncoupled pendulums of same mass and length, i.e. the 'mass fractions' r 1 = r 2 = 0.5 and the 'length fractions' ν 1 = ν 2 = 1/ √ 2, but different internal mistunings, d 1 = 1 and d 2 = −1. We expect that pendulum '1' (d 1 = 1) and pendulum '2' (d 2 = −1) will have non-zero steady-state amplitudes for σ b > 0 and σ b < 0, respectively, provided the condition in equation (4.4) is satisfied. The numerical integrations are performed for excitation frequencies σ b = 1 and σ b = −1. The damping constants for the system are ξ =ξ 1 =ξ 2 = 0.2. The mass ratio is R = 0.1 and the scaling parameter is = 0.05. The non-dimensional scaled variables plotted in figure 3a , b clearly show that only one pendulum has non-zero steady-state amplitude. This observation is in agreement with the results of the stability analysis of the first-order averaged equations performed in Vyas & Bajaj (2001) . Numerical integrations were also performed for the averaged equations and the transformation in equation (3.9) was used to obtain the non-dimensional scaled displacements. The steady-state amplitudes of the block and pendulums were seen to be very close to those obtained by numerical integration of the original equations. 
Dynamics of the system with coupled pendulums
The averaged equations, (3.11) and (3.14) or (3.16), obtained for the system with n coupled pendulums describe the evolution for amplitudes and phases of periodic motions in physical variables. It turns out that in the coupled-pendulums case steadystate solutions with non-zero pendulum motions are difficult to obtain analytically even for the simplest case of a two-pendulum system. In the following, this difficulty will be seen to arise from the structure of the averaged equations. Thus, the steady-state constant solutions are obtained numerically using the continuation and bifurcation analysis software Auto (Doedel 1986 ).
(a) System formulation and averaging in modal coordinates
Before studying the steady-state solutions using numerical methods, we consider the possibility of decoupling the averaged equations of a two-pendulum system in modal coordinates. These considerations for the averaged equations in modal coordinates are used later to explain some characteristics of the numerical results obtained using Auto.
Consider a system with two weakly coupled pendulums. The corresponding nondimensional equations for the system are
The idea here is to use modal transformations for the linear undamped part of the coupled system, and then use the averaging on the system in amplitudes of the linear modal coordinates. Consider the modal transformation
Using the relations in equations (5.3) and the definitions
can now be written in first-order vector form:
Note that the intermediate variables p 1c and p 2c represent the linear natural frequencies of the coupled pendulum system and are dependent on the coupling stiffnesses as well as the external frequency mistunings σ 1 and σ 2 defined for the uncoupled system. Equations (5.5) can now be studied for their periodic and other solutions by again using the method of averaging. Using the fundamental matrix solution Φ, the transformation z m = Φu m , where
and then the method of averaging on the transformed system in standard form, results in the following averaged equations:
,
.
Note that terms with ' * ' are the coupling terms which remain intact in the averaged equations obtained following the modal transformation. Compared with the averaged equations (3.14), the coupling terms here involve both the linear and nonlinear terms with the linear terms only arising due to differences in modal damping parameters. Further note that the equations for modal amplitudes in pendulum motions are still coupled, and that is due to the presence of nonlinearities and damping in the system. Transformation of these averaged equations into those for polar coordinates through the change of variables
leads to
It is easy to show that the block motion amplitude, a bm , has the same meaning as for the variable a b , i.e. a bm = a b . The coupling terms among the equations of motion (5.9) for the two modes of pendulum motions involve the four constants G 33 , G 34 , G 53 and G 54 . When all these four constants are zero, the two linear modes of pendulum motions are explicitly decoupled. Indirect coupling does exist between them due to the constant G 13 in the averaged equations for a bm and β bm . Note that these conditions are satisfied if the system has identical scaled pendulum dampings as well as length fractions, i.e.ξ 1 =ξ 2 and ν 1 = ν 2 .
(5.10)
Additionally, the coupling terms, T * p1 and T * p2 , between the two modes of pendulum motions in the averaged equations for a bm and β bm also vanish when the constant G 13 = 0 for the case of equal length fractions, i.e. ν 1 = ν 2 . Thus, all the constants appearing in the coupling terms between the two modes of pendulum motions are zero when the pendulums have identical scaled pendulum dampings and length fractions. Then, the form of the averaged equations (5.8), for the system in modal coordinates, is identical to the averaged equations (3.16) for the uncoupled pendulum system in physical coordinates.
When the conditions in equations (5.10) are satisfied, the averaged equations (5.8) can be studied in the same way as the averaged equations for a system with uncoupled pendulums. Then, as before, the responses can be identified as locked-pendulum motion of the main mass, double-mode motions, etc. The difference only arises in that, in a double-mode motion, the main mass and one of the linear modes of vibration of the coupled-pendulums array have non-zero amplitudes of response. There also arise degenerate parameter values at which two distinct double-mode motions coexist. It can be shown that at this point the system parameters satisfy
When expressed in terms of the internal mistunings d 1 and d 2 , and the external mistuning σ b , the above relation can be expressed as
Recall that, for equations (5.11) and (5.12), it is assumed that the conditions in equations (5.10) are already satisfied. Furthermore, there exists a one-dimensional manifold of solutions for the motions of the two modes of the coupled-pendulum subsystem.
(b) Numerical results in physical coordinates
When the scaled pendulum dampings and length fractions are not identical, the continuation and bifurcation analysis software Auto (Doedel 1986 ) is used to compute the solutions of the averaged system in physical variables. As we will see, the discussion above for a system in modal coordinates will be useful in interpreting the results of bifurcation analysis. Figure 4 shows the response of the system with two pendulums for different scaled coupling stiffnessesK 12 = 0,K 12 = 0.05 and K 12 = 0.1 as a function of the external detuning σ b . The other parameters for this system are the mass fractions r 1 = r 2 = 0.5, the length fractions ν 1 = ν 2 = 1/ √ 2, the internal mistunings d 1 = 1 and d 2 = −1 and the scaled dampingsξ 1 =ξ 2 = 0.25. For all the results presented in this study, the scaled forcing amplitudeF and the ratio of l to the distance between the points of suspensions of the two pendulums, L 12 , are set equal to 2.0 and 1.0, respectively. Note that the effect of the ratio of l to L 12 on the coupling stiffness terms in the averaged equations is equivalent to the effect of changing scaled coupling stiffness,K 12 , while keeping constant the ratio l/L 12 .
Note that for this case the steady-state solutions for the pendulum amplitudes on stable solution branches are determined uniquely except for the value of σ b at which the response undergoes a degenerate bifurcation. The solutions thus obtained are similar to the ones obtained for the case of a system with two slightly mistuned uncoupled pendulums. Note additionally that the absorber bandwidths (the detuning difference of the extremal pitchfork bifurcation points) are 3.34, 3.37 and 3.45 for K 12 = 0,K 12 = 0.05 andK 12 = 0.1, respectively. This suggests that absorber bandwidth shows a slight increase with the introduction of pendulum coupling. Hopfbifurcation points (Wiggins 1990 ) also appear forK 12 = 0.1, as shown by solid squares in all the figures presented in this study. Since, for this choice of parameters, conditions in equations (5.10) are satisfied, the degenerate bifurcation occurs at the value of σ b determined by the identity in equation (5.12). Manifolds of equilibria emerge at the degenerate bifurcation point and the amplitudes of pendulum motions are not unique on these equilibrium branches. In each of the coupled-mode motions, both the pendulums are now in motion; however, one of the pendulums has a much larger amplitude than the other. This phenomenon of mode-localization has also been observed (Vakakis et al . 1993) in the response of cyclic periodic systems. When viewed in a modal coordinates formulation, only one mode of the coupled-pendulums subsystem has non-zero amplitude for each of the coupled-mode motions. Now, consider the effects of the mass fraction r 1 , the length fraction ν 1 and the damping constantsξ 1 andξ 2 . Consider a system with equal length fractions,
, coupling stiffnessK 12 = 0.05, and all the damping constants set equal to 0.25. The steady-state constant solutions for the amplitude of primary system for r 1 = 0.25, 0.5 and 0.75 are presented in figure 5 . It can be seen that the primary system amplitude a b varies with the mass fraction r 1 , as was discussed earlier. Furthermore, the degenerate bifurcation appears exactly at the value of σ b given by equation (5.11). This validates the solutions predicted by the averaged equations for the modally uncoupled system. It was shown in Vyas & Bajaj (2001) that the primary system amplitude and the Hopf-bifurcation points are independent of the mass fractions for a system with uncoupled pendulums. For the system with coupled pendulums, Hopf bifurcation points can be clearly observed in the response for the mass fraction value of r 1 = 0.75. It is also evident from figure 5 that the mass fraction has a significant effect on the amplitude and stability of the primary system. This is also borne out by the fact that the effective external mistunings v 1 and v 2 depend on the mass fraction. Considering the amplitudes of pendulum motions, one can see that the amplitude increases with decrease in the mass fraction, as was the case for the system with uncoupled pendulums (Vyas & Bajaj 2001) . Mode-localization and the discontinuous switching in stable pendulum amplitudes are also evident for all three values of mass fraction considered.
We should point out here that the focus of this study is on the vibration attenuation application of the array of autoparametric systems. The Hopf bifurcations in the response arise at low values of damping and large internal mistunings, and result in complex dynamics including amplitude modulated chaotic dynamics (see, for example, Bajaj et al . 1994; Banerjee & Bajaj 1997) . Thus, low values of damping have been avoided in simulation results to preclude Hopf bifurcations. The overall complex dynamics of such systems for low damping will be the subject of forthcoming works.
To examine the response in the vicinity of the degenerate bifurcation points, steady-state amplitudes of pendulum motions a 1 and a 2 for mass fraction r 1 = 0.25 are shown in figure 6 . Interestingly, two manifolds of equilibria emerge at the degenerate bifurcation point where the amplitudes of the primary mass in the two doublemode responses are identical. We note that projections of these two distinct manifolds of equilibria appear as a single vertical line joining the distinct double-mode motions in figure 6. It can also be observed that the pendulum with negative internal mistuning has larger steady-state amplitude at small external mistuning, and switches to oscillations with smaller amplitude as the detuning parameter σ b is varied across the degenerate bifurcation point.
The steady-state amplitude of the primary system for three different values of length fraction, ν 1 = √ 1 5 , √ 1 3 and √ 5 6 , are shown in figure 7. Note that for the values of length fraction considered, the condition in equations (5.10) for decoupling in modal coordinates are no longer satisfied. Correspondingly, there should not appear any degenerate bifurcations in the double-mode solution branches. This is clearly the case for each of the three sets of responses in figure 7, thus indicating that the amplitudes of pendulum motions are uniquely determined for all values of σ b . Figure 8 shows steady-state amplitudes a 1 and a 2 for length fraction ν 1 = √ 1 5 as a function of the external detuning, σ b , in a three-dimensional plot. These solution curves can be interpreted as a separation or unfolding of the degenerate manifold of solutions with a zero eigenvalue into distinct stable and unstable branches. Thus, the degenerate bifurcation is destroyed. The mode-localization effect is still visible with one pendulum oscillating with much larger amplitude than the other over a large frequency interval. The response then switches rapidly, though continuously, to a small amplitude in the vicinity of a certain value of σ b . Further, note that as the length fraction is increased, the value of σ b at which a certain switching occurs approaches closer to the value of σ b at which the detuning between the uncoupled pendulum natural frequency and the excitation frequency becomes zero. Thus, the switching frequency is near σ b = d 1 or d 2 depending on whether the length fraction ν 1 or ν 2 is increased. Steady-state-pendulum amplitudes increase with a decrease in the length fraction, as is also the case for the system with uncoupled pendulums (Vyas & Bajaj 2001 ). Figure 9 . Effect of the primary system damping ξ on the amplitude of primary system for a system with two coupled pendulums. The other system parameters are: dampingsξ1 =ξ2 = 0.25; internal mistunings d1 = 1.0, d2 = −1.0; mass fractions r1 = r2 = 0.5; length fractions ν1 = ν2 = 1/ √ 2; coupling stiffnessK12 = 0.05. Vyas & Bajaj (2001) showed that the amplitude of the block with uncoupled pendulums in double-mode response (one pendulum having non-zero amplitude of oscillation) is independent of the primary system damping and the amplitude of excitation,F (see equation (4.2)). The averaged equations for the system in modal coordinates suggest that if conditions in equations (5.10) for uncoupling of pendulum equations are satisfied, the primary system amplitude should exhibit saturation for excitation amplitude and primary system damping. We present here steady-state constant solutions using Auto (Doedel 1986 ) for a system with pendulum dampings (ξ 1 ,ξ 2 ) = (0.20, 0.25), and length fraction ν 1 = 1 3 . Note that condition (5.10) for decoupling is not satisfied. Figure 9 shows the response of the primary system for three different values of primary system damping, ξ = 0.25, 0.20, 0.15. It can be observed that the amplitude of the primary system in the double-mode motions remains unaffected. However, it is found that for lower values of damping, the system undergoes Hopf bifurcation in the coupled-mode solutions. Similar simulations were conducted for three different values of excitation amplitudeF . Again, the primary system amplitude for response branches with non-zero pendulum motions showed saturation. These results suggest strongly that perturbations to the first-order averaged equations in the form of coupling of the pendulums do not affect the saturation phenomenon.
We now present some results for a system with three coupled pendulums. As before, the solutions are obtained numerically using Auto and the averaged equations (3.14) for the system in physical variables. The system was studied for different parameters and we state here only some of the important observations. Mode-localization is clearly observed with only one of the pendulums, say the ith pendulum, i = 1, 2 or 3, undergoing much larger amplitude oscillation than the other pendulums for an interval of the detuning frequency, σ b . Note that the frequency interval in which a particular pendulum has large amplitude is determined by the value of its internal mistuning d i . It is also observed that increasing the coupling stiffness does not have a significant effect on the absorber bandwidth. However, an additional pendulum with proper internal mistuning improves the absorber performance as the value of 'absorber action' (AA) (Vyas & Bajaj 2001 ) decreases and gets closer to unity. The 'absorber action' AA is defined as the ratio of the maximum amplitude of the blockā b with a pendulum in motion to the minimum amplitude of the block with a pendulum in motion. Thus, in general AA 1 and AA = 1 signifies the best performance. The addition of a properly mistuned pendulum has a similar effect for systems with uncoupled pendulums (Vyas & Bajaj 2001) . However, the use of uncoupled pendulums creates degenerate solution branches when the double-mode (one pendulum in non-zero steady state motion) response switches discontinuously from one pendulum to the other with changing external excitation frequency. Degenerate solution branches are especially detrimental in the presence of non-stationary or slow frequency sweeps because they introduce delays in following the stationary response branches. This is discussed in the next section.
The essential advantage obtained by using direct stiffness coupling between pendulums is that degenerate solution branches in the steady-state response are eliminated. It is found that the conditions for unfolding of the degenerate bifurcations for the three pendulum system are met if and only if the following conditions are violated:
(5.13)
The coupling stiffness does not play any role in unfolding the degenerate branches. Another interesting observation is that the degenerate branches can appear only if all three pendulum dampings are equal. A representative set of steady-state responses for a system with three pendulums are presented in figure 10 . The parameters for the system are the length fractions ν 1 = ν 2 = ν 3 = √ 1 3 ; the mass fractions r 1 = r 2 = r 3 = 1 3 ; coupling stiffnesseŝ K 12 =K 23 = 0.05; the internal mistunings d 1 = 1, d 2 = −1 and d 3 = 0; the primary system damping ξ = 0.25; and the pendulum dampingsξ 1 = 0.25,ξ 2 = 0.25 and ξ 3 = 0.20. Note that all the results presented for the system with two pendulums were for d 1 = 1 and d 2 = −1 and that the primary system amplitude for non-zero pendulum motions (double-mode solutions in modal coordinates) was maximum in the vicinity of σ b = 0. The addition of a third pendulum with d 3 = 0 reduces the steady-state amplitude of the primary system in the vicinity of σ b = 0 (figure 10a). It can also be observed that Hopf bifurcation appears in the unstable portion of the solution branches. Pendulum amplitudes for the three pendulums are shown in figure 10b-d to illustrate the mode-localization in the pendulum motion. 
Non-stationary system response to slow frequency sweep
The non-stationary responses are obtained numerically using the averaged equations with slowly varying parameters as well as by direct numerical integration of the original equations with time varying excitation frequency.
As in the works of Mitropolskii (1965) , Evan-Iwanowski (1976) and Nayfeh & Mook (1979) , an approximate solution for the non-stationary response when a parameter (here the excitation frequency) evolves slowly in time can be obtained by using any of the asymptotic methods, including the method of averaging. In using the method of averaging for studying dynamical systems with slowly varying parameters, these parameters are considered constant during the averaging with respect to the nominal or fast time τ . Thus, the parameter σ b representing the external detuning of the system between the excitation frequency and the locked pendulums' natural frequency can be included as a new dependent variable as follows:
where a prime denotes derivative with respect to the non-dimensional time, τ . Then, proceeding along the lines of the asymptotic method in Mitropolskii (1965) , it can be shown that the averaged equations obtained are equation (6.1) along with the averaged equations (3.11) and (3.14) or (3.16). Using these equations, the non-stationary response for the system, i.e. the slow evolution of the amplitudes and phases of the system response as a function of the slow frequency sweep or variation, can be studied. Note that the case of σ br = 0 corresponds to the stationary solutions that have been already studied in the previous sections.
(a) Non-stationary response using averaged equations Figure 11 shows the non-stationary response of the system with one pendulum. The external detuning is varied linearly at a constant sweep rate of 0.01, starting from σ b = −4. The stationary response is also shown in the figure to illustrate the deviations from the non-stationary response. Other parameters for the system are the internal mistuning, d 1 = −1, and the dampings, ξ =ξ 1 = 0.25. The initial amplitudes and phases are set arbitrarily to 0.01. The non-stationary trajectory, as also shown in Bajaj et al . (1999) , follows along the stationary single-mode solution even after the stationary solution loses stability at the pitchfork bifurcation point. Thus, the slow-sweep trajectory continues in the vicinity of the stationary single-mode solution and penetrates into the region where the single-mode solution is unstable. While the pitchfork bifurcation point is at σ b ≈ −1.45, the solution follows the unstable solution until σ b ≈ −0.2. As a consequence, the primary mass in the non-stationary case exhibits much higher amplitude of response compared with the stationary case. Following this delay in pitchfork bifurcation, the non-stationary solution deviates from the unstable stationary single-mode solution and settles in a neighbourhood of the stable stationary coupled-mode solution in an oscillatory manner. A similar but smaller delay is observed when the linear frequency sweep takes the system through the saddle-node bifurcation arising in the coupled-mode branch.
The effects of sweep rate and initial conditions for one pendulum system were studied in detail in Bajaj et al . (1999) . It was shown there that a faster sweep rate increases the penetration into the frequency region of the unstable stationary single-mode solution, thereby showing an increase in the pitchfork bifurcation delay. Furthermore, for faster sweep rate, the non-stationary solution oscillates for longer before settling in a neighbourhood of the stable stationary coupled-mode solution. The delay in jumping in the vicinity of the turning point is also very sensitive to the sweep rate and increases as the sweep rate increases. The numerical simulations for different initial conditions showed that the penetration into the unstable singlemode solution region becomes deeper as the initial conditions are chosen closer to the stable single-mode equilibrium solution far into the stable solution region. However, the effect on delay in turning points for solutions started far away, around σ b = −4.0, was found to be less significant. The effects of sweep rates and initial conditions found in the study are generic characteristics of non-stationary responses in systems with slowly varying parameters and are observed in the non-stationary response of other dynamical systems as well (Evan-Iwanowski 1976; Haberman 1979; Raman et al . 1996) . Figure 12a shows the non-stationary response of block motion for systems with two and three pendulums. Again, starting at σ b = −4.0, the frequency of excitation is linearly varied at a constant sweep rate of 0.01. Also, in both cases, the pendulums are uncoupled. The parameters for the autoparametric system with two pendulums are dampings ξ =ξ 1 =ξ 2 = 0.25, the mass fractions r 1 = r 2 = 0.5, the length fractions ν 1 = ν 2 = 1/ √ 2 and the internal mistunings d 1 = 1 and d 2 = −1. The parameters for the system with three pendulums are the length fractions ν 1 = ν 2 = ν 3 = 1/ √ 3, the mass fractions r 1 = r 2 = r 3 = 1 3 , the damping constants ξ =ξ 1 =ξ 2 =ξ 3 = 0.25 and the internal mistunings d 1 = 1, d 2 = −1 and d 3 = 0. Note that the scaling parameter is not specified because it can be scaled out through the definition of a slow time τ . Initial amplitudes and phases of block and pendulums motion are set to 0.01 at σ b = −4. Parts (b) and (c) of figure 12 show the stationary as well as non-stationary responses for pendulum amplitudes a 1 and a 2 , respectively, for the system with two pendulums. The pendulum amplitudes for the system with three pendulums are not shown as they do not contribute significantly to the discussion.
Compared with the single pendulum case (Bajaj et al . 1999) , the response for the same frequency sweep rate in the two-pendulum system does not follow as far into the unstable region as the one for the one-pendulum system. The extent of penetration into the frequency region with unstable single-mode solution decreases further on addition of a third pendulum with internal mistuning d 3 = 0. In general, addition of a pendulum not only decreases delay in the transition across the pitchfork bifurcation, but it also results in the block settling more quickly to the vicinity of the lower amplitude stable double-mode equilibrium solutions. Consider now the non-stationary transitions across the degenerate bifurcations that result in switching of non-zero steady-state motion from one pendulum to the other in systems with multiple pendulums. It can be observed from figure 12b, c that the degenerate bifurcation arises at σ b = 0 for the system with two pendulums. By the time the trajectory for the non-stationary solution settles in the vicinity of the double-mode solution, the degenerate bifurcation arises and the stable double-mode solution branch has switched. However, the non-stationary trajectory continues along the unstable double-mode branch and the transition to the neighbourhood of the stable double-mode solution is significantly delayed. Finally, the response transits or jumps to the neighbourhood of the single-mode stationary solution beyond turning point in the double-mode solution.
We now consider the effects of initial conditions on the non-stationary responses. Figure 13 shows the block motion for the autoparametric system with two pendulums for two different initial conditions started at σ b = −4.0. In one case, the initial amplitude and phase for pendulum 1 (d 1 = 1) are set to zero while those for pendulum 2 (d 2 = −1) are set to 0.01. In the second case, the initial amplitudes and phases for both the pendulums are set to 0.01. The sweep rate is maintained the same at σ br = 0.01. In the first case, pendulum 1 remains locked: its amplitude and phase remain zero throughout the frequency sweep. In the corresponding block response, the trajectory does not transit to the second lower amplitude double-mode motion with pendulum 1, thus behaving as if the system has only one pendulum.
It was shown in § 4 that the degenerate bifurcation appearing in the stationary response of systems with uncoupled pendulums can be removed under certain conditions specified by equations (5.10) and (5.13). More specifically, for systems with two and three coupled pendulums it was shown that the degeneracy in equilibrium branches is removed if the damping values for the pendulums are distinct. Furthermore, for systems with two coupled pendulums, the degeneracy can also be removed by choosing distinct length fractions.
The non-stationary response for a system with two coupled pendulums with unequal lengths is now simulated numerically. The key difference in this case is that (see § 5) the degenerate bifurcation is now unfolded. Figure 14 shows the amplitudes of block and pendulum motion in physical variables under non-stationary excitation. The stationary response is also shown in the figure to facilitate a comparison with the non-stationary response. The sweep rate for excitation frequency, while integrating the slowly varying averaged equations, is set to −0.01. The scaled damping constants in the averaged equations are ξ =ξ 1 =ξ 2 = 0.25. The other parameters for the system are the coupling stiffnessK 12 = 0.05, the mass fractions r 1 = r 2 = 0.5, the length fractions
and the internal mistunings d 1 = 1 and d 2 = −1. The initial amplitudes and phases of block and pendulum motions are set to 0.01 at σ b = 4. As with the uncoupled pendulum system, the non-stationary response for the system with coupled pendulums shows a delay in settling to the stable coupled-mode stationary solution beyond the pitchfork bifurcation point. Interestingly, the sharp or discontinuous transitions observed in amplitudes of the stationary responses of pendulum motion at σ b ≈ −0.3 are more gradual in the non-stationary case. However, there is now no delay that was observed for the uncoupled pendulums system at the degenerate bifurcation point. The non-stationary solution follows the stationary response until the turning point, and again shows the familiar delay at the turning point before quickly jumping to the neighbourhood of the single-mode equilibrium solution. The results of non-stationary response study verify that the stable and unstable equilibrium branches are unfolded and degeneracy is broken.
(b) Non-stationary response of original system
In this subsection, we compare the non-stationary response of the slowly varying averaged equations in § 6 a with the non-stationary response of the original system (equations (2.4) and (2.5)). Recall that for the stationary problem ( § 4) the predictions of the averaged and the original equations are in close agreement for = 0.05. Thus, we set = 0.05 for simulations of the non-stationary response. Further, the system parameters for the one-and two-pendulum systems, and the sweep rate, are identical to those used earlier for the corresponding averaged equations. Figure 15 shows the non-stationary response for the original system with one pendulum, with superimposed plots of non-stationary and stationary responses obtained using the averaged equations. The amplitude curves for the block and pendulum motions are obtained by performing a Hilbert transformation on the time response ofη andθ 1 , respectively. In simulating the non-stationary response using the original system equations, initial values of the system state variables,η,η ,θ 1 andθ 1 , are set to 0.01 at σ b = −6. The initial amplitude and phases of the block and pendulum motions are also set to 0.01 at σ b = −6 for integrating the averaged equations. It is clearly seen that the bifurcation delays beyond the pitchfork points, simulated from the averaged and the original systems are in close agreement. Further, after settling in the vicinity of the stable double-mode solution, the non-stationary response amplitudes are in very good agreement with the stationary response amplitudes obtained using the averaged equations. Figure 16 shows the same plots for the system with two pendulums. In simulating the non-stationary response using the original system equations, initial values of the system state variables are again set to 0.01 at σ b = −6. Initial amplitudes and phases of the block and pendulum motions are set to 0.01 at σ b = −6 for simulating the non-stationary response using averaged equations. While the delays in the pitchfork bifurcations are in close agreement in the two cases, the delays near the degenerate bifurcation (σ b = 0) are seen to be greater for simulation results predicted by the averaged equations.
Conclusions
The dynamics of systems with wideband autoparametric absorbers were studied by considering a simple model that consisted of a one-degree-of-freedom linear springmass-damper primary system attached with an array of n pendulums. The pendulums were coupled by weak linear springs. The case of a 1:1: · · · :2 internal resonance between the pendulums and the primary oscillator was considered. The response of the system to a resonant harmonic excitation was approximated by the method of averaging to obtain a system of averaged equations that govern the slow evolution of amplitudes and phases of response.
For the systems with an uncoupled pendulum array as well as a coupled pendulum array, the steady-state constant solutions and their stability and bifurcation characteristics were determined. The benefits of using an absorber array were demonstrated. It was shown that for the array with uncoupled pendulums there exists a manifold of equilibria at frequencies at which a switch in stability of the different doublemode motions takes place. For the system with coupled pendulums, conditions on parameters were determined for which the manifold of equilibria and the associated degenerate bifurcations persist. In general, the degenerate solution branches existing for the case of uncoupled pendulums were shown to unfold into separate stable and unstable equilibrium solution branches.
The absorber array was shown to have a wide bandwidth and the addition of more pendulums with intermediate mistunings was seen to help 'flatten' the response of the primary system within the absorber bandwidth. The effective bandwidths for the absorber array with coupled and uncoupled pendulums were seen to be essentially the same. The response of the system to a non-stationary excitation with a linear frequency sweep through the resonance region was also studied. The non-stationary response clearly showed delays in the vicinity of the double-mode stationary solutions when passing through the pitchfork bifurcation. Consequently, the primary system underwent large amplitude oscillations even in the presence of an autoparametric absorber that was tuned to help attenuate the resonant response. The incorporation of additional absorber elements helped to reduce this delay in transition and the associated reduction in effectiveness of the absorber in the non-stationary case. The degenerate bifurcation in the stationary response of the uncoupled system also contributed to delayed transition in the non-stationary case and thus the 'switching' in the pendulum motions was delayed.
We should finally note that the conclusions of this study are also generally valid and applicable to primary systems with multiple degrees of freedom when one mode of the structure is resonantly excited and its response needs to be attenuated. Further, note that the autoparametric absorbers characterized by an array of pendulums are only one possible physical realization and the conclusions derived will also remain valid for all quadratically coupled autoparametric absorbers. The results of a generalized analysis will be the subject of a forthcoming work.
